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Abstract
A cohomology theory associated to a holomorphic Poisson structure is the
hypercohomology of a bi-complex where one of the two operators is the clas-
sical ∂-operator, while the other operator is the adjoint action of the Poisson
bivector with respect to the Schouten-Nijenhuis bracket. The first page of the
associated spectral sequence is the Dolbeault cohomology with coefficients in
the sheaf of germs of holomorphic polyvector fields. In this note, the au-
thors investigate the conditions for which this spectral sequence degenerates
on the first page when the underlying complex manifolds are nilmanifolds with
an abelian complex structure. For a particular class of holomorphic Poisson
structures, this result leads to a Hodge-type decomposition of the holomorphic
Poisson cohomology. We provide examples when the nilmanifolds are 2-step.
AMS Subject Classifications: Primary 53D18. Secondary 53D17, 32G20, 18G40,
14D07.
Keywords: Holomorphic Poisson, Cohomology, Hodge Theory, Nilmanifolds.
1
1 Introduction
It is well known that complex structures and symplectic structures are examples of
generalized complex structures in the sense of Hitchin [11, 12, 13]. It is now also
known that a holomorphic Poisson structure plays a fundamental role in generalized
geometry [1]. Since a key feature of generalized geometry is to place both complex
structures and symplectic structures within a single framework, its deformation
theory is of great interest [8, 9, 14]. An understanding of cohomology theory of
generalized geometry in general, and holomorphic Poisson structures in particular,
becomes necessary. On algebraic surfaces, there has been work done by Xu and
collaborators [16, 17]. Recently, Hong studied holomorphic Poisson cohomology
on toric Poisson manifolds [15]. For nilmanifolds with abelian complex structures,
there is recent work done by this author and his collaborators [4, 5, 10]. A common
feature of these works is to recognize the cohomology as the hypercohomology of a
bi-complex.
In computation of hypercohomology of bi-complex, theoretically one could apply
one of the two naturally defined spectral sequences to complete the task. In the
case of a holomorphic Poisson structure, one of the operators is the classical ∂-
operator. Another operator is the action of a holomorphic bi-vector field Λ on
the space of polyvector fields and differential forms via the Schouten bracket. One
may choose a filtration so that the first page of the spectral sequence consists of
the Dolbeault cohomology of a complex manifold with coefficients in the sheaf of
germs of holomorphic polyvector fields, Hq(M,Θp). In this case, the d1-map on the
first page is the holomorphic Poisson structure via the Schouten bracket. Another
approach is to apply the holomorphic Poisson structure action first. In such a
case, the first page of the spectral sequence consists of a holomorphic version of
Lichnerowicz-Poisson cohomology [18, 25].
We focus on the first approach, as Dolbeault cohomology is a well known classical
object, and it involves the complex structure only. It is natural to determine when
this spectral sequence degenerates quickly. In [4, 5], we have seen situations where
the spectral sequence degenerates on the second page. We push our analysis from
past work and investigate the possibility when degeneracy on the first page occurs,
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and establish a direct relation between the holomorphic Poisson cohomology HnΛ
and the elements in the first page of the spectral sequence. In particular, we could
formulate a result as below.
Theorem 1 LetM be a nilmanifold with an abelian complex structure. Let Hq(M,Θp)
be the qth Dolbeault cohomology of the complex manifold with coefficients in the sheaf
of germs of holomorphic polyvector fields of degree p. For any invariant holomorphic
Poisson structure Λ on M , let HnΛ be the n
th cohomology of the holomorphic Poisson
structure. Then there exists a natural one-to-one linear map
φ : HnΛ → ⊕p+q=nH
q(M,Θp).
In particular, dimHnΛ ≤
∑
p+q=n dimH
q(M,Θp).
To prove this result, we first review some basic facts on generalized complex struc-
tures and the related cohomology theory from the perspective of Lie bi-algebroids,
and then address it in the context of the holomorphic Poisson structure Λ. It quickly
sets up that the cohomology with respect to Λ is given by the operator ∂Λ = adΛ+∂
where adΛ is the action of Λ on the space of sections of the exterior product of the di-
rect sum of (1, 0)-vectors and (0, 1)-forms, and ∂ is the classical operator on complex
manifolds. This frames our double complex and its related spectral sequence.
We begin to focus on nilmanifolds in Section 4. A key observation is that the
Dolbeault cohomology spaces Hq(M,Θp) are given by invariant elements [4]. It
allows us to address the entire computation through that on a finite-dimensional Lie
algebra. In Section 4, we refine some details regarding the action of adΛ on invariant
elements. This sets up the computation in Section 5, and leads to the the proof of
Theorem 4, which is also Theorem 1 stated above.
Prior to our investigation on when the map φ in Theorem 1 is an isomorphism,
in Section 7 we identify the obstruction for degeneracy of the spectral sequence on
the first page when the center of the nilpotent algebra covering the manifold M is
of real dimension two. Subsequently, we find that it is also sufficient for a particular
kind of holomorphic Poisson structure. Details are given in Theorem 5.
Although the degeneracy of a spectral sequence on the first page does not, in
general, lead to a decomposition of a hypercohomology in terms of direct sums of
3
entries in the first page of its spectral sequence, our work leading to Theorem 5
could be refined to complete a proof of Theorem 6, which presents a Hodge-type
decomposition.
In order to paraphrase Theorem 6 with precision and minimum technicality, let
M be as given in the last theorem with an abelian complex structure J . Let g be
the Lie algebra of the nilpotent group covering M . Let c be the center, and t be
the quotient algebra g/c. Suppose that dimR c = 2. Let ρ be a non-trivial element
spanning the space of (1, 0)-form dual to the center, i.e., ρ ∈ c∗(1,0). When the
complex structure is abelian, then dρ is a type (1, 1)-form on the complexification
of t [3, 24]. Through contraction, it could be treated as a map from t1,0 to t∗(0,1).
Theorem 2 Suppose that M is a nilmanifold with abelian complex structure and
suppose that dimR c = 2. If the map dρ is non-degenerate, there exists a holomorphic
Poisson structure Λ such that the injective map φ in Theorem 1 is an isomorphism.
In order to better describe the obstruction to degeneracy of the holomorphic
Poisson spectral sequence on its first page, in Section 9 we further analyze the
necessary condition on this obstruction. The key observations are in Proposition 2
and Proposition 3.
Given Propositions 2 and 3, we examine several series of 2-step nilmanifolds,
and present examples for which the obstruction vanishes, as well as examples for
which the obstruction is non-trivial so that the map φ in Theorem 1 fails to be an
isomorphism.
2 Complex and Generalized Complex Structures
In this section, we review the basic background materials as seen in [5] to set up
notations.
Let M be a smooth manifold. Denote its tangent bundle by TM and the co-
tangent bundle by T ∗M . A generalized complex structure on an even-dimensional
manifold M [11, 12] is a subbundle L of the direct sum T = (TM ⊕ T ∗M)C such
that
• L and its conjugate bundle L are transversal;
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• L is maximally isotropic with respect to the natural pairing on T ;
• the space of sections of L is closed with respect to the Courant bracket.
Given a generalized complex structure, the pair of bundles L and L makes a
(complex) Lie bi-algebroid. The composition of the inclusion of L and L in T with
the natural projection onto the summand TMC becomes the anchor map of these Lie
algebroids, which we denote by α. Via the canonical non-degenerate pairing on the
bundle T , the bundle L is complex linearly identified to the dual of L. Therefore,
the Lie algebroid differential of L acts on L, which extends to a differential on the
exterior algebra of L. For the calculus of Lie bi-algebroids, we follow the conventions
in [20]. In particular, for any element Γ in C∞(M,∧kL) and elements a1, . . . , ak+1
in C∞(M,L), the Lie algebroid differential of Γ is defined by the Cartan formula as
in exterior differential algebra, namely
(∂LΓ)(a1, . . . , ak+1) =
k+1∑
r=1
(−1)r+1α(ar)(Γ(a1, . . . , aˆr, . . . , ak+1))
+
∑
r<s
(−1)r+sΓ([[ar, as]], a1, . . . , aˆr, . . . , aˆs, . . . , ak+1). (1)
The space of sections of the bundle L is closed with respect to the Courant bracket
if and only if ∂L ◦ ∂L = 0.
Typical examples of generalized complex structures are classical complex struc-
tures and symplectic structures on a manifold [11]. In this section, we focus on the
former.
Let J : TM → TM be an integrable complex structure on the manifold M . The
complexified tangent bundle TMC splits into the direct sum of the bundle of (1, 0)-
vectors TM1,0 and the bundle of (0, 1)-vectors TM0,1. Their pth exterior products are
respectively denoted by TMp,0 and TM0,p. Denote their dual bundles by TM∗(p,0)
and TM∗(0,p) respectively.
Define L = TM1,0 ⊕ TM∗(0,1). This defines a generalized complex structure,
where its dual is its complex conjugate L = TM0,1 ⊕ TM∗(1,0). When one restricts
the Courant bracket from the ambient bundle T = (TM⊕T ∗M)C to the subbundles
L and L, one then recovers the Schouten-Nijenhuis bracket, often simply known
as the Schouten bracket, in classical deformation. The Schouten bracket between
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(1, 0)-vector fields is the Lie bracket of vector fields; the Schouten bracket between
a (1, 0)-vector field and a (0, 1)-form is related to the Lie derivative of a form by a
vector field. The Schouten bracket between two (0, 1)-forms is equal to zero. These
brackets are extended to higher exterior products by observing the rule of exterior
multiplication [20].
With respect to the Lie algebroid L, we get its differential ∂ as defined in (1),
∂ : C∞(M,L)→ C∞(M,∧2L). (2)
It is extended to a differential of exterior algebras:
∂ : C∞(M,∧pL)→ C∞(M,∧p+1L). (3)
It is an elementary exercise in computation of Lie algebroid differential that when ∂
is restricted to (0, 1)-forms, it is the classical ∂-operator in complex manifold theory;
and
∂ : C∞(M,TM∗(0,1))→ C∞(M,TM∗(0,2))
is the (0, 2)-component of the exterior differential [23]. Similarly, when the Lie
algebroid differential is restricted to (1, 0)-vector fields, then the map becomes
∂ : C∞(M,TM1,0)→ C∞(M,TM∗(0,1) ⊗ TM1,0),
the Cauchy-Riemann operator as seen in [7].
By virtue of L and L being a Lie bi-algebroid pair, the space C∞(M,∧•L) to-
gether with the Schouten bracket, exterior product and the Lie algebroid differential
∂ form a differential Gerstenhaber algebra [20, 22]. In particular, if a is a smooth
section of ∧|a|L and b is a smooth section of ∧|b|L, then
∂[[a, b]] = [[∂a, b]] + (−1)|a|+1[[a, ∂b]]; (4)
∂(a ∧ b) = (∂a) ∧ b+ (−1)|a|a ∧ (∂b). (5)
Since ∂ ◦ ∂ = 0, one obtains the Dolbeault cohomology with coefficients in
holomorphic polyvector fields. Denoting the sheaf of germs of sections of the pth
exterior power of the holomorphic tangent bundle by Θp, we have
H•(M,∧•Θ) ∼=
⊕
p,q≥0
Hq(M,Θp).
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In subsequent computations, when p = 0, Θp represents the structure sheaf O of the
complex manifold M .
Due to the compatibility between ∂ and the Schouten bracket [[−,−]], and the
compatibility between ∂ and the exterior product ∧ as noted above, the Schouten
bracket and exterior product descend to the cohomology space H•(M,Θ•). In other
words, the triple (H•(M,Θ•,0), [[−,−]],∧) forms a Gerstenhaber algebra. When we
ignore the exterior product, we call it a Schouten algebra. For example, by center
of the Schouten algebra, we mean the collection of elements A in H•(M,Θ•) such
that [[A,B]] = 0 for all B in this space.
3 Holomorphic Poisson Bi-Complex
A holomorphic Poisson structure on a complex manifold (M,J) is a holomorphic
bi-vector field Λ such that [[Λ,Λ]] = 0. The corresponding bundles as a generalized
complex structure for Λ are the pair of bundles of graphs LΛ and LΛ where
LΛ = {ℓ+ Λ(ℓ) : ℓ ∈ L}. (6)
While the pair of bundles LΛ and LΛ naturally form a Lie bi-algebroid, so does
the pair L and LΛ [19]. From this perspective, the Lie algebroid differential of
the deformed generalized complex structure LΛ acts on the space of sections of the
bundle L.
Any smooth section of the bundle L is the sum of a section v of TM1,0 and a
section ω of TM∗(0,1). Given a holomorphic Poisson structure Λ, define adΛ by
adΛ(v + ω) = [[Λ, v + ω]]. (7)
Proposition 1 [10, Proposition 1] The action of the Lie algebroid differential of LΛ
on L is given by
∂Λ = ∂ + adΛ : C
∞(M,L)→ C∞(M,∧2L). (8)
The operator ∂Λ extends to act on the exterior algebra of TM
1,0⊕TM∗(0,1) = L.
From now on, for n ≥ 0 denote
Kn = C∞(M,∧nL). (9)
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For n < 0, set Kn = {0}.
Since Λ is a holomorphic Poisson structure, the closure of the space of sections
of the corresponding bundles LΛ is equivalent to ∂Λ ◦ ∂Λ = 0. Therefore, one has a
complex with ∂Λ being a differential.
Definition 1 For all n ≥ 0, the nth holomorphic Poisson cohomology of the holo-
morphic Poisson structure Λ is the space
HnΛ(M) :=
kernel of ∂Λ : K
n → Kn+1
image of ∂Λ : Kn−1 → Kn
. (10)
Given Proposition 1, the identity ∂Λ ◦ ∂Λ = 0 is equivalent to a system of three
equations,
∂ ◦ ∂ = 0, ∂ ◦ adΛ + adΛ ◦ ∂ = 0, adΛ ◦ adΛ = 0. (11)
The first identity is equivalent to the complex structure J being integrable; the
second identity is equivalent to Λ being holomorphic, and the third is equivalent to
Λ being Poisson. Define Ap,q = C∞(M,TMp,0 ⊗ TM∗(0,q)), then
adΛ : A
p,q → Ap+1,q, ∂ : Ap,q → Ap,q+1; and Kn = ⊕p+q=nA
p,q. (12)
Therefore, we obtain a bi-complex. We arrange the double indices (p, q) in such a
way that p increases horizontally so that adΛ maps from left to right, and q increases
vertically so that ∂ maps from bottom to top. As a result, we obtain a first quadrant
bi-complex.
Definition 2 Given a holomorphic Poisson structure Λ, its Poisson bi-complex is
the triple {Ap,q, adΛ, ∂}.
It is now obvious that the (holomorphic) Poisson cohomology H•Λ(M) theoretically
could be computed by each one of the two naturally defined spectral sequences. We
choose a filtration given by
F pKn =
⊕
p′+q=n
p′≥p
Ap
′,q.
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The lowest differential is ∂ : Ap,q → Ap,q+1. Therefore, the first sheet of the spectral
sequence is the Dolbeault cohomology
Ep,q1 = H
q(M,Θp). (13)
The first page of the spectral sequence is given as below.
· · · → · · · → · · · →
Hn(M,O) → Hn(M,Θ) → Hn(M,Θ2) →
· · · → · · · → · · · →
H1(M,O) → H1(M,Θ) → H1(M,Θ2) →
H0(M,O) → H0(M,Θ) → H0(M,Θ2) →
The differential on this page is
dp,q1 = adΛ : H
q(M,Θp)→ Hq(M,Θp+1). (14)
Question 1 When will the spectral sequence of a Poisson bi-complex degenerate on
the first page? In other words, when will adΛ ≡ 0 for all p, q?
It is known in the application of spectral sequences that degeneracy on the first
page does not necessarily lead to an isomorphism of the hypercohomology of degree
n and a direct sum of the spaces on the first page whose sum of bi-degree is equal to
n. A well-known case is on the degeneracy of Fro¨licher spectral sequence on compact
complex surfaces [2]. Therefore, the next question is also relevant.
Question 2 Is there any holomorphic Poisson structure such that its cohomology
has the following decomposition?
HnΛ
∼=
⊕
p+q=n
Hq(M,Θp). (15)
In subsequent discussion, we will use Hp,q to represent Hq(M,Θp).
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4 Nilmanifolds
A compact manifold M is a nilmanifold if there exists a simply-connected nilpotent
Lie group G and a lattice subgroup Γ such that M is diffeomorphic to G/Γ. We
denote the Lie algebra of the group G by g, and its center by c. By definition,
g0 = g, and inductively, for all natural numbers p, gp = [[gp−1, g]]. The algebra g is
a k-step nilpotent algebra if gk = {0} and gk−1 6= {0}. In particular, gk−1 ⊆ c. The
step of the nilmanifold is the nilpotence of the Lie algebra g.
A left-invariant complex structure J on G is said to be abelian if on the Lie
algebra g, it satisfies the conditions J ◦J = −identity and [[JA, JB]] = [[A,B]] for all
A and B in the Lie algebra g [3, 24]. If one complexifies the algebra g and denotes
the +i and −i eigen-spaces of J by g1,0 and g0,1, respectively, then the invariant
complex structure J is abelian if and only if the complex Lie algebra g1,0 is abelian.
Denote ∧pg1,0 and ∧qg∗(0,1) respectively by gp,0 and g∗(0,q). We will use the
notation
Bp,q = gp,0 ⊗ g∗(0,q).
On the nilmanifoldM , we consider gp,0 as invariant (p, 0)-vector fields and g∗(0,q)
as invariant (0, q)-forms. It yields an inclusion map
Bp,q →֒ Ap,q = C∞(M,TMp,0 ⊗ TM∗(0,q)).
When the complex structure is also invariant, ∂ sends Bp,q to Bp,q+1. Given an
invariant complex structure and an invariant holomorphic Poisson structure Λ, adΛ
sends Bp,q to Bp+1,q. Restricting ∂ to Bp,q, we then consider the invariant cohomol-
ogy
Hq(gp,0) =
kernel of ∂ : Bp,q → Bp,q+1
image of ∂ : Bp,q−1 → Bp,q
. (16)
The inclusion map yields a homomorphism of cohomology:
Hq(gp,0) →֒ Hq(M,Θp).
Theorem 3 (See [4, 5]) On a nilmanifold M with an invariant abelian complex
structure, the inclusion Bp,q in Ap,q = C∞(M,TMp,0 ⊗ TM∗(0,q)) induces an iso-
morphism of cohomology spaces. In other words,
Hq(gp,0) ∼= Hq(M,Θp) = Hp,q.
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Any element A in Bp,q acts on Bp,q by the Schouten bracket. We denote its
action by adA, i.e.,
adA(B) = [[A,B]].
An element A is said to be in the center of the Schouten algebra ⊕p,qB
p,q with respect
to the Schouten bracket [[−,−]] if and only if adA ≡ 0. Similarly, an element A in
Hq(gp,0) is said to be in the center of the Schouten algebra ⊕p,qH
q(gp,0) if adA(B)
is equal to zero on the cohomology level for any B in ⊕p,qH
q(gp,0).
For each integer 0 ≤ m ≤ k + 1, define gmJ = g
m + Jgm. When the complex
structure is abelian, it is clear from various definitions that each gmJ is a J-invariant
ideal of g, and we have a filtration of subalgebras:
{0} = gkJ ⊂ g
k−1
J ⊆ · · · ⊆ g
ℓ+1
J ⊆ g
ℓ
J ⊆ · · · ⊆ g
1
J ⊂ g
0
J = g.
Since the center c is J-invariant and it contains gk−1,
gk−1J ⊆ c. (17)
We complexify the above filtration to get
{0} = gkJ,C →֒ g
k−1
J,C →֒ · · · →֒ g
ℓ+1
J,C →֒ g
ℓ
J,C →֒ · · · →֒ g
1
J,C →֒ g
0
J,C = gC. (18)
With respect to the eigenspace decomposition for J , there exists a type decomposi-
tion for each ℓ
gℓJ,C = g
ℓ,(1,0)
J ⊕ g
ℓ,(0,1)
J .
So, the filtration (18) splits into two. One is for type (1, 0)-vectors
{0} →֒ g
k−1,(1,0)
J →֒ · · · →֒ g
ℓ+1,(1,0)
J →֒ g
ℓ,(1,0)
J →֒ · · · →֒ g
1,(1,0)
J →֒ g
0,(1,0)
J = g
(1,0);
Another is for type (0, 1)-vectors
{0} →֒ g
k−1,(0,1)
J →֒ · · · →֒ g
ℓ+1,(0,1)
J →֒ g
ℓ,(0,1)
J →֒ · · · →֒ g
1,(0,1)
J →֒ g
0,(0,1)
J = g
(0,1).
Lemma 1 [4, Lemma 4] Suppose that the complex structure J is abelian. Then
• [[g(1,0), g(1,0)]] = 0, and [[g(0,1), g(0,1)]] = 0.
• [[g
a,(1,0)
J , g
b,(0,1)
J ]] ⊆ g
1+max {a,b}
J,C .
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In particular, [[g
a,(1,0)
J , g
(0,1)]] ⊆ ga+1J,C .
For the quotient space, we will adopt the notation
t
(1,0)
ℓ = g
ℓ−1,(1,0)
J /g
ℓ,(1,0)
J . (19)
Choose a vector space isomorphism so that the short exact sequence of Lie algebras
0→ g
ℓ,(1,0)
J → g
ℓ−1,(1,0)
J → g
ℓ−1,(1,0)
J /g
ℓ,(1,0)
J → 0
is turned into a direct sum of vector spaces.
g
ℓ−1,(1,0)
J
∼= t
(1,0)
ℓ ⊕ g
ℓ,(1,0)
J .
Inductively,
g(1,0) = t
(1,0)
1 ⊕ t
(1,0)
2 ⊕ · · · ⊕ t
(1,0)
k . (20)
Similarly,
g(0,1) = t
(0,1)
1 ⊕ t
(0,1)
2 ⊕ · · · ⊕ t
(0,1)
k .
We remark that t
(1,0)
k = g
k−1,(1,0)
J . Let t
∗(0,1)
ℓ be the dual space of t
(0,1)
ℓ , and t
∗(1,0)
ℓ the
dual space of t
(1,0)
ℓ .
Lemma 2 [4, Proposition 1] When the complex structure is abelian and g is k-step
nilpotent, then
1. ∂g∗(0,1) = {0}.
2. ∂t1,0k = {0}.
3. ∂t1,0k−1 ⊆ ⊕a≤k−1(t
1,0
k ⊗ t
∗(0,1)
a ).
4. For all 1 ≤ ℓ ≤ k − 2, ∂t1,0ℓ ⊆
⊕
a≤ℓ(t
1,0
ℓ+1 ⊗ t
∗(0,1)
a )⊕
⊕
a>ℓ
(
t
1,0
a+1 ⊗ t
∗(0,1)
a
)
.
As a consequence, all (0, q)-forms are ∂-closed.
Lemma 3 There is an isomorphism
Hq(g0,0) = B0,q = ∧qg∗(0,1).
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5 A Bound on Holomorphic Poisson Cohomology
Due to Theorem 3, our investigation on the holomorphic Poisson spectral sequence
for any invariant holomorphic Poisson structure Λ is reduced to an analysis on the
adjoint action of Λ on the invariant cohomology Hq(gp,0).
Given the bi-degree, we next create a filtration of cohomology. For any natural
number n, Bn = ⊕p+q=nB
p,q. Define
FmBn =
⊕
m≤j≤n
j+ℓ=n
Bj,ℓ = Bn,0 ⊕ Bn−1,1 ⊕ · · · ⊕ Bm+1,n−m−1 ⊕Bm,n−m. (21)
It follows that F 0Bn = Bn, F nBn = Bn,0. Define FmBn = {0} when m ≥ n + 1.
Therefore, we have a filtration
Bn = F 0Bn ⊃ F 1Bn ⊃ · · · ⊃ F kBn ⊃ · · · ⊃ F nBn ⊃ F n+1Bn = {0}. (22)
Define
FmZn = ker ∂Λ : F
mBn → Bn+1, FmCn = image ∂Λ : F
mBn−1 → Bn. (23)
As ∂Λ maps B
p,q to Bp+1,q⊕Bp,q+1, it is apparent that ∂Λ maps F
mBn−1 to FmBn.
Therefore, FmZn ⊇ FmCn, and the quotient below is well defined
FmHn =
FmZn
FmCn
. (24)
As Fm−1Zn∩FmCn = Fm−1Cn, we have an inclusion Fm−1Hn ⊃ FmHn, and hence
a filtration
HnΛ = F
0Hn ⊃ F 1Hn ⊃ · · · ⊃ F kHn ⊃ · · · ⊃ F nHn ⊃ F n+1Hn = {0}. (25)
This induces a vector space isomorphism
HnΛ
∼=
n⊕
m=0
FmHn
Fm+1Hn
. (26)
Each element in F
mHn
Fm+1Hn
is represented by an element α in FmBn such that ∂Λα = 0.
Let us expand α as the sum of elements in Bp,q. It is given by
α =
∑
m≤j≤n
j+ℓ=n
αj,ℓ = αn,0 + αn−1,1 + · · ·+ αm+1,n−m−1 + αm,n−m. (27)
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Therefore,
∂Λα = adΛα+ ∂α
= adΛα
n,0 + adΛα
n−1,1 + · · ·+ adΛα
m+1,n−m−1 + adΛα
m,n−m
∂αn,0 + ∂αn−1,1 + · · ·+ ∂αm+1,n−m−1 + ∂αm,n−m.
Since the complex structure is abelian, adΛα
n,0 = 0. By collecting terms according
to the bi-degrees in Bp,q, we obtain
∂Λα = (adΛα
n−1,1 + ∂αn,0) + · · ·+ (adΛα
m,n−m + ∂αm+1,n−m−1) + ∂αm,n−m.
Therefore, ∂Λα = 0 if and only if
adΛα
n−1,1 + ∂αn,0 = 0, . . . , adΛα
m,n−m + ∂αm+1,n−m−1 = 0, and ∂αm,n−m = 0.
In particular, αm,n−m represents an element in the cohomology space Hm,n−m =
Hn−m(gm,0).
We use the notation [−]Λ to indicate equivalence classes with respect to the total
cohomology operator ∂Λ = adΛ+∂, and use [−]∂ to indicate equivalence classes with
respect to ∂. The observation in the last paragraph indicates that for any n ≥ 0
and 0 ≤ m ≤ n, we could define a map
φm,n−m : F
mHn → Hm,n−m, where φm,n−m([α]Λ) = [α
m,n−m]∂ . (28)
To check that this map is well defined, consider α and β in FmBn such that
[α]Λ = [β]Λ. As their difference is in F
mCn, there exists γ ∈ FmBn−1 such that
α = β + ∂Λγ. As
γ =
∑
m≤j≤n−1
j+ℓ=n−1
γj,ℓ = γn−1,0 + · · ·+ γm+1,n−1−m−1 + γm,n−1−m,
and ∂Λγ
j,ℓ = adΛγ
j,ℓ+∂γj,ℓ, the only term of ∂Λγ in B
m,n−m is given by ∂γm,n−1−m.
It follows that
αm,n−m = βm,n−m + ∂γm,n−1−m,
and hence [αm,n−m]∂ = [β
m,n−m]∂. In other words, the map φm,n−m is well defined
at cohomology level.
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Furthermore, suppose that [α]Λ is in the kernel of the map φm,n−m. Then there
exists γm,n−m−1 ∈ Bm,n−m−1 such that αm,n−m = ∂γm,n−m−1, so
α = αn,0 + αn−1,1 + · · ·+ αm+1,n−m−1 + ∂γm,n−m−1
and ∂Λα = 0. As [α]Λ = [α− ∂Λγ
m,n−m−1]Λ and
α− ∂Λγ
m,n−m−1 = αn,0 + αn−1,1 + · · ·+ αm+1,n−m−1 − adΛγ
m,n−m−1
is contained in Fm+1Hn, the kernel of φm,n−m is contained in F
m+1Hn. On the other
hand, by inspecting the bi-degree, Fm+1Hn is contained in the kernel of φm,n−m, so
Fm+1Hn is equal to the kernel of the map φm,n−m.
For each n, by taking the direct sum of linear maps φ = (φn,0, . . . , φm,n−m), we
obtain the next observation.
Theorem 4 For any invariant holomorphic Poisson structure Λ on a nilmanifold
with an abelian complex structure, there exists an injective map φ from HnΛ into
⊕p+q=nH
p,q = ⊕p+q=nH
q(gp,0). In particular,
dimHnΛ ≤
∑
p+q=n
dimHp,q =
∑
p+q=n
dimHq(gp,0).
Now an obvious question is whether the map φ is surjective. On a nilmanifold
with abelian complex structure, there is an obvious set of cohomology spaces as seen
in Lemma 3, namely H0,q = Hq(g0,0) = B0,q. Suppose that α0,1 is in B0,1. If the
map φ is surjective, then there exists α1,0 ∈ B1,0 such that adΛ(α
1,0 + α0,1) = 0. It
means
adΛ(α
1,0) +
(
∂α1,0 + adΛ(α
0,1)
)
+ ∂α0,1 = 0.
Since the complex structure is abelian, adΛα
1,0 = 0 and ∂α0,1 = 0. It follows that
∂α1,0 + adΛα
0,1 = 0.
In other words, adΛα
0,1 is ∂-exact, a non-trivial criterion for the holomorphic Poisson
spectral sequence degenerates on its first page.
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6 A Class of Holomorphic Poisson Structures
Since ∂Λ = adΛ + ∂, if the action of adΛ on B
p,q is equal to zero for all p, q, the
action of ∂Λ on B
p,q is equal to the action of ∂. In such case, φ in Theorem 4 is
apparently an isomorphism. This would be the case if Λ is a non-trivial element in
c2,0 = ∧2c1,0.
From now on, we consider the case when dimC c
1,0 = 1. In terms of the notation in
the decomposition (20), let t1,0k = c
1,0. We will use the notation t1,0 = t1,01 ⊕· · ·⊕t
1,0
k−1.
Lemma 4 Suppose that V ∈ t1,0k and T ∈ t
1,0
k−1. If dimC c = 1, then Λ = V ∧ T is a
holomorphic Poisson structure.
Proof: By item 2 of Lemma 2, ∂(V ∧ T ) = (∂V ) ∧ T − V ∧ (∂T ) = −V ∧ (∂T ).
By item 3 of the same lemma V ∧ (∂T ) is an element in ⊕a≤k−1(t
2,0
k ⊗ t
∗(0,1)
a ). Since
t
1,0
k = c
1,0 when dim c1,0 = 1, t2,0k = {0}. Therefore, V ∧ (∂T ) vanishes.
Since the complex structure is abelian [[V ∧ T, V ∧ T ]] = 0, Λ = V ∧ T is an
invariant holomorphic Poisson structure.
Next, we refine an observation in [6, 24].
Lemma 5 The Schouten bracket between elements in t1,0a and t
∗(0,1)
h are given below.
• [[t1,0a , t
∗(0,1)
h ]] = {0}, if h ≤ a.
• [[t1,0a , t
∗(0,1)
h ]] ⊂ ⊕b<ht
∗(0,1)
b , if h = a+ 1.
• [[t1,0a , t
∗(0,1)
h ]] ⊂ t
∗(0,1)
h−1 , if h ≥ a+ 2.
Proof: Suppose that Va ∈ t
1,0
a , V b ∈ t
0,1
b and ω
h ∈ t
∗(0,1)
h , then
[[Va, ω
h]](V b) = (ιVadω
h)V b = −ω
h([[Va, V b]]).
By Lemma 1, [[Va, V b]] is contained in t
1,0
max{a,b}+1. Therefore, the evaluation ω
h([[Va, V b]])
is non-zero only if h = max{a, b}+1. The first bullet point is now evident. Further-
more, when h = a+1, then the evaluation may be non-zero only if b ≤ a, i.e, b < h.
It yields the second observation. When h ≥ a + 2, the evaluation may be non-zero
only if max{a, b}+ 1 = b+ 1 and hence b = h− 1. It yields the last observation of
this lemma.
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Lemma 6 [4, Corollary 1] Suppose that g is k-step nilpotent, then
1. For all m, [[c1,0, g∗(0,1)]] = {0}.
2. [[t1,0k−1, t
∗(0,1)]] = {0}.
3. [[t1,0k−1, c
∗(0,1)]] ⊆ t∗(0,1).
4. Let V ∈ t1,0k and T ∈ t
1,0
k−1, and Λ = V ∧ T , then adΛ(t
∗(0,1)) = {0}; and
adΛ(c
∗(0,1)) ⊆ c1,0 ⊗ t∗(0,1).
Proof: With c1,0 = t1,0k and t
∗(0,1) =
⊕
1≤ℓ≤k−1 t
∗(0,1)
ℓ , the first three items are the
direct consequence of Lemma 5. To address the last item, we note that the first
item implies that for all ℓ,
adΛ(t
∗(0,1)
ℓ ) = V ∧ adT (t
∗(0,1)
ℓ ).
By the first item, the only non-trivial case is when ℓ = k. The result then follows
from the second item.
7 Obstruction for Degeneracy
Suppose that Λ = V ∧T as given in the last section, so it is an invariant holomorphic
Poisson structure. We will denote the dual element of V by ρ, which then spans
t
∗(1,0)
k = c
∗(1,0).
Prior to our investigation on the map φ in Theorem 4, we explore the necessary
condition for the spectral sequence of the bi-complex of Λ to degenerate on the first
page.
Consider the action of adΛ on the 0
th column on the first page of the spectral
sequence.
adΛ : H
q(g0,0)→ Hq(g1,0).
By Lemma 3, Hq(g0,0) = B0,q = ∧q(⊕1≤ℓ≤kt
∗(0,1)
ℓ ). By Lemma 5, the action of adΛ
on B0,q is equal to zero, except possibly when an element is of the form ρ∧Ω where
Ω is in ∧q−1(⊕1≤ℓ≤k−1t
∗(0,1)
ℓ ).
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In particular, ρ represents an element in H1(g0,0). By Lemma 6,
adΛρ = [[V ∧ T, ρ]] = V ∧ [[T, ρ]] ∈ c
1,0 ⊗ t∗(0,1)
It is ∂-exact only if there exists X in t1,0 such that
V ∧ [[T, ρ]] = [[Λ, ρ]] = ∂X. (29)
To summarize our computation so far, we note the following.
Lemma 7 If the holomorphic Poisson spectral sequence for Λ = V ∧ T degenerates
on the first page, there exists a vector X in t1,0 such that adΛρ = ∂X.
We will examine the conditions under which such a vector X exists. We demon-
strate next that its existence is the only obstruction for the holomorphic Poisson
spectral sequence to degenerate on its first page.
Given the dimension constraint on c1,0, Lemma 6 shows that the action of adΛ
is possibly non-trivial only when it acts on components of type
Υ ∈ gp,0 ⊗ t∗(0,q−1) ⊗ c∗(0,1).
Given such a Υ, there exist finitely many Ωi in t
∗(0,q−1) and the same number of Θi
in gp,0 such that
Υ = ρ ∧
∑
i
(Θi ∧ Ωi).
Therefore, adΛΥ is equal to
[[Λ, ρ ∧
∑
i
(Θi ∧ Ωi)]] = V ∧ [[T, ρ ∧
∑
i
(Θi ∧ Ωi)]]− T ∧ [[V, ρ ∧
∑
i
(Θi ∧ Ωi)]].
By Lemma 2 and Lemma 6, the last term on the right hand side is identically
zero. By Lemma 6 again, the first term on the right hand side is equal to
V ∧ [[T, ρ]] ∧
∑
i
(Θi ∧ Ωi) = [[V ∧ T, ρ]] ∧
∑
i
(Θi ∧ Ωi)
If there exists X in t1,0 such that [[V ∧ T, ρ]] = [[Λ, ρ]] = ∂X ,
[[Λ,Υ]] = [[V ∧ T, ρ]] ∧
∑
i
(Θi ∧ Ωi) = ∂X ∧
(∑
i
(Θi ∧ Ωi)
)
. (30)
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Given that ρ is ∂-closed and every element in B0,q−1 is ∂-closed,
∂Υ = ∂(ρ ∧
∑
i
(Θi ∧ Ωi)) = −ρ ∧ ∂(
∑
i
(Θi ∧ Ωi)) = −ρ ∧ (
∑
i
(∂Θi) ∧ Ωi) (31)
By Lemma 2, ∂Θi does not have any ρ component. Therefore, ∂Υ = 0 if and only
if ∂(
∑
i(Θi ∧ Ωi)) = 0. It follows that Identity (30) is further transformed to
[[Λ,Υ]] = ∂(X ∧
∑
i
(Θi ∧ Ωi)). (32)
Lemma 8 When adΛρ = ∂X, adΛ is a zero map on H
p,q for all p, q. Moreover, if
Υ = ρ ∧
∑
j(Θj ∧ Ωj) is ∂-closed, then adΛ(Υ) is ∂-exact. To be precise,
adΛ(Υ) = ∂(X ∧
∑
i
(Θi ∧ Ωi)).
As a consequence, the necessary condition for the spectral sequence of the bi-
complex of Λ to degenerate on the first page is also sufficient.
Theorem 5 Let M = G/Γ be a k-step nilmanifold with an abelian complex struc-
ture. Let c be the center of the Lie algebra g of the simply connected Lie group G.
Let g1,0 = t1,0⊕c1,0 be the space of invariant (1, 0)-vectors. Assume that dim c1,0 = 1.
Suppose that Λ = V ∧ T where V is in c1,0 and T is in t1,0k−1. Let ρ span c
∗(0,1). The
spectral sequence of the bi-complex of Λ degenerates on the first page if and only if
adΛρ is ∂-exact.
This theorem answers Question 1 for nilmanifolds with an abelian complex struc-
ture.
8 Hodge-Type Decomposition
Given the discussion on degeneracy on first page, the answer to Question 2 becomes
useful. We now examine when the map φm,n−m is surjective. Suppose that α
m,n−m
represents a class in Hm,n−m. In particular, it is in
Bm,n−m = gm,0 ⊗ ∧n−m(t∗(0,1) ⊕ c∗(0,1)) = gm,0 ⊗ (t∗(0,n−m) ⊕ c∗(0,1) ⊗ t∗(0,n−m−1)).
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There exists finitely many Θi and Πj in g
m,0, Ωi in t
∗(0,n−m−1) and Γj in t
∗(0,n−m)
such that
αm,n−m =
∑
j
Πj ∧ Γj + ρ ∧
(∑
i
Θi ∧ Ωi
)
. (33)
By Lemma 2,
∂αm,n−m = ∂
(∑
j
Πj ∧ Γj
)
− ρ ∧ ∂
(∑
i
Θi ∧ Ωi
)
=
∑
j
(∂Πj) ∧ Γj − ρ ∧
(∑
i
(∂Θi) ∧ Ωi
)
.
By the same lemma,
ρ ∧
(∑
i
(∂Θi) ∧ Ωi
)
∈ gm,0 ⊗ c∗(0,1) ⊗ t∗(0,n−m)
(∂Πi) ∧ Γj ∈ g
m,0 ⊗ t∗(0,n−m+1).
As they are in different components, when ∂αm,n−m = 0, each of them is equal to
zero.
∂(
∑
j
Πj ∧ Γj) = 0, ρ ∧
(∑
i
(∂Θi) ∧ Ωi
)
= 0. (34)
Therefore, to prove that the map φm,n−m is surjective, it suffices to examine two
cases independently; that is, either when
αm,n−m =
∑
j
Πj ∧ Γj ∈ g
m,0 ⊗ t∗(0,n−m),
or when
αm,n−m = ρ ∧
(∑
i
Θi ∧ Ωi
)
∈ gm,0 ⊗ c∗(0,1) ⊗ t∗(0,n−m−1).
In the former case, Lemma 6 implies adΛα
m,n−m = 0, and hence ∂Λα
m,n−m =
0. Therefore, αm,n−m represents a class in FmHn such that φm,n−m([α
m,n−m]Λ) =
[αm,n−m]∂ .
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In the latter case, by Identity (34), ∂αm,n−m = 0 implies that
∑
iΘi ∧ Ωi is
∂-closed. Hence,
adΛα
m,n−m = adΛ
(
ρ ∧
∑
i
(Θi ∧ Ωi)
)
= (adΛρ) ∧
(∑
i
(Θi ∧ Ωi)
)
= (∂X) ∧
(∑
i
(Θi ∧ Ωi)
)
= ∂
(
X ∧
∑
i
(Θi ∧ Ωi)
)
.
Define
αm+1,n−(m+1) = −X ∧
∑
i
(Θi ∧ Ωi).
Since it is in gm+1,0 ⊗ t∗(0,n−m−1), Lemma 6 implies that adΛ(α
m+1,n−(m+1)) = 0.
Therefore,
∂Λ(α
m+1,n−(m+1) + αm,n−m)
= adΛ(α
m+1,n−(m+1)) + ∂(αm+1,n−(m+1)) + adΛ(α
m,n−m) + ∂(adΛ(α
m,n−m))
= −∂
(
X ∧
∑
i
(Θi ∧ Ωi)
)
+ ∂
(
X ∧
∑
i
(Θi ∧ Ωi)
)
= 0.
Finally,
αm+1,n−(m+1) + αm,n−m = −X ∧
∑
i
(Θi ∧ Ωi) + ρ ∧
(∑
i
Θi ∧ Ωi
)
represents a class in FmHn such that φm,n−m([α
m+1,n−(m+1)+αm,n−m]Λ) = [α
m,n−m]∂,
and the map φm,n−m is surjective.
Theorem 6 Let M = G/Γ be a k-step nilmanifold with an invariant abelian com-
plex structure. Let g be the Lie algebra of the covering group, c the center. Let V be
in c1,0 and ρ be the dual of V . Let T be in t1,0k−1. If adΛ(ρ) is ∂-exact, the holomorphic
Poisson cohomology of Λ = V ∧ T has a Hodge-type decomposition:
HnΛ
∼= ⊕p+q=nH
q(M,Θp).
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9 ∂-Exactness of adΛρ
In this section, we explore when there exists X such that
[[V ∧ T, ρ]] = adΛρ = ∂X. (35)
On the left of the equality above,
[[V ∧ T, ρ]] = V ∧ [[T, ρ]] = V ∧ ιTdρ. (36)
To compute ∂X , we applies the Cartan formula to evaluate ∂X on a generic element
Y in t0,1 and on ρ.
∂X(ρ, Y ) = −X([[ρ, Y ]]) = X([[Y , ρ]]) = X(ιY dρ)
= dρ(Y ,X) = −dρ(X, Y ) = −(ιXdρ)(Y ).
Therefore, ∂X = −V ∧ ιXdρ. Now comparing (35) with (36), we obtain a rather
simple identity below.
ιTdρ = −ιXdρ. (37)
Since the complex structure J is abelian, dρ is a type (1, 1)-form. So is dρ. We
could treat their contractions with elements in t1,0 as linear maps.
dρ, dρ : t1,0 → t∗(0,1). (38)
Suppose that dρ has a non-trivial kernel and ιTdρ = 0. In such case, adV ∧Tρ = 0.
However, since dωj = 0 for all j, adV ∧Tω
j = 0. As the complex structure is abelian,
the adjoint action of V ∧T on g1,0 is identically zero. Therefore, adV ∧T is identically
zero on Bp,q for all p, q ≥ 0. In such a case, the action of adΛ is trivial. Hence as
an action on Bp,q, ∂Λ = ∂. The Poisson cohomology is simply the direct sum of
Dolbeault cohomology,
HnΛ(M)
∼=
⊕
p+q=n
Hq(gp,0) =
⊕
p+q=n
Hq(M,Θp).
On the other hand, dρ(t1,0) is a proper subspace of t∗(0,1) if dρ degenerates. If
T is not in the kernel of dρ and if ιTdρ is in the complement of dρ(t
1,0), Equation
(37) does not have a solution. In the next section, we will present an example to
demonstrate that such situation does occur. We summarize our discussion when dρ
degenerates as below.
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Proposition 2 If dρ degenerates and T is in its kernel, then ∂Λ = ∂ for Λ = V ∧T .
In such a case, the holomorphic Poisson cohomology has a Hodge-type composition.
If dρ is non-degenerate, then so is dρ. Therefore, for any T the equation (37)
always has a unique solution.
Proposition 3 Let M = G/Γ be a k-step nilmanifold with an abelian complex
structure. Let c be the center of the Lie algebra g of the simply connected Lie group
G. Assume that dim c1,0 = 1. Let V span c1,0 and ρ span the dual space. If dρ is non-
degenerate, then for any T in t1,0k−1 and Λ = V ∧ T , adΛ(ρ) is ∂-exact. In particular,
the holomorphic Poisson cohomology for such Λ has a Hodge-type decomposition.
10 Examples
We now focus on 2-step nilmanifolds. Let t = g/c. Below are some facts shown in
Sections 2 and 3 of [21]. Since g is 2-step nilpotent, t is abelian. As a vector space,
g1,0 = t1,0 ⊕ c1,0, and g∗(1,0) = t∗(1,0) ⊕ c∗(1,0). The only non-trivial Lie brackets in
g1,0 ⊕ g0,1 are of the form [t1,0, t0,1] ⊂ c1,0 ⊕ c0,1. We assume that dimC c
1,0 = 1.
Explicitly, there exists a real basis {Xk, JXk : 1 ≤ k ≤ n} for t and {Z, JZ} a
real basis for c. The corresponding complex bases for t1,0 and c1,0 are respectively
composed of the following elements:
Tk =
1
2
(Xk − iJXk) and V =
1
2
(Z − iJZ). (39)
The structure equations of g are determined by
[[T k, Tj]] = EkjV −EjkV (40)
for some constants Ekj. Let {ω
k : 1 ≤ k ≤ n} be the dual basis for t∗(1,0), and let
{ρ} be the dual basis for c∗(1,0). The dual structure equations for (40) are
dρ =
∑
i,j
Ejiω
i ∧ ωj and dωk = 0. (41)
Equivalently,
dρ = −
∑
i,j
Ejiω
j ∧ ωi and dωk = 0. (42)
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It follows that
[[Tj , ρ]] = LTjρ = ιTjdρ = −
∑
i
Ejiω
i. (43)
By Cartan formula (1),
∂Tj =
∑
k
Ekjω
k ∧ V =
(∑
k
Ekjω
k
)
∧ V. (44)
Example 1. Consider a one-dimensional central extension of the Heisenberg algebra
h2n+1 of real dimension 2n+1. Let {Xj, Yj, Z, A : 1 ≤ j ≤ n} be basis with structure
equations
[[Xj , Yj]] = −[[Yj , Xj]] = Z, for all 1 ≤ j ≤ n. (45)
The real center c is spanned by Z and A. Define an almost complex structure by
JXj = Yj, JYj = −Xj , JZ = A, JA = −Z.
It is an abelian complex structure. Let V = 1
2
(Z − iA) and Tj =
1
2
(Xj − iYj), then
the complex structure equations become
[[T j , Tj]] = −
i
2
(V + V ).
Therefore, Ejj = −
i
2
= −Ejj. Hence dρ is non-degenerate and serves as an example
for Theorem 5 and Proposition 3.
Example 2. On the direct sum of two Heisenberg algebras h2m+1 ⊕ h2n+1, choose
a basis {Xj, Yj, Z, Ak, Bk, C; 1 ≤ j ≤ m, 1 ≤ k ≤ n} so that the non-zero structure
equations are given by
[[Xj , Yj]] = −[[Yj , Xj]] = Z, [[Ak, Bk]] = −[[Bk, Ak]] = C. (46)
Define an almost complex structure J by
JXj = Yj, JAk = Bk, JZ = C.
In fact, this defines an abelian complex structure. Let
V =
1
2
(Z − iC), Sj =
1
2
(Xj − iYj), Tk =
1
2
(Ak − iBk),
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so c1,0 is spanned by V . It follows that the non-zero complex structure equations
are given as below
[[Sj , Sj]] = −
i
2
(V + V ), [[T k, Tk]] =
1
2
(V − V ).
We then have the structure constants
Ejj = −
i
2
= −Ejj, and Ekk =
1
2
= Ekk
for all 1 ≤ j ≤ m and 1 ≤ k ≤ n. It is now obvious that dρ is non-degenerate and
serves as example for Theorem 5 and Proposition 3.
Example 3. Consider a real vector space P4n+2 spanned by
{X4k+1, X4k+2, X4k+3, X4k+4, Z1, Z2; 0 ≤ k ≤ n− 1}.
Define a Lie bracket by
[[X4k+1, X4k+2]] = −
1
2
Z1, [[X4k+1, X4k+4]] = −
1
2
Z2, [[X4k+2, X4k+3]] = −
1
2
Z2.
Define an abelian complex structure J on P4n+2 by
JX4k+1 = X4k+2, JX4k+3 = −X4k+4, JZ1 = −Z2,
and define
V =
1
2
(Z1 + iZ2), T2k+1 =
1
2
(X4k+1 − iX4k+2), T2k+2 =
1
2
(X4k+3 + iX4k+4).
The non-zero structure equations in terms of complex vectors are
[[T 2k+1, T2k+1]] =
i
4
(V + V ); [[T 2k+1, T2k+2]] = −
1
4
(V − V ).
Hence
E2k+1,2k+1 =
i
4
, E2k+1,2k+2 = −
1
4
, E2k+2,2k+1 = −
1
4
.
It follows that dρ is non-degenerate, and hence (37) is solvable, providing another
example for Theorem 5 and Proposition 3.
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Example 4. Consider a real vector space W4n+6 spanned by
{X4k+1, X4k+2, X4k+3, X4k+4, Z1, Z2; 0 ≤ k ≤ n}.
Define a Lie bracket by
[[X4k+1, X4k+3]] = −
1
2
Z1, [[X4k+1, X4k+4]] = −
1
2
Z2,
[[X4k+2, X4k+3]] = −
1
2
Z2, [[X4k+2, X4k+3]] =
1
2
Z1.
One can define an abelian complex structure J by
JX4k+1 = X4k+2, JX4k+3 = −X4k+4, JZ1 = −Z2.
For 0 ≤ k ≤ n, define
V =
1
2
(Z1 + iZ2), T2k+1 =
1
2
(X4k+1 − iX4k+2), T2k+2 =
1
2
(X4k+3 + iX4k+4).
It is now a straightforward computation to show that the non-zero structure equa-
tions are
[[T 2k+1, T2k+2]] = −
1
2
V, [[T 2k+2, T2k+1]]− =
1
2
V . (47)
Except when
E2k+1,2k+2 = −
1
2
, for all 0 ≤ k ≤ n,
all other structure constants are equal to zero. In particular,
dρ = −
1
2
n∑
k=0
ω2k+2 ∧ ω2k+1, and dρ =
1
2
n∑
k=0
ω2k+1 ∧ ω2k+2. (48)
Moveover,
∂T2k+1 = 0, ∂T2k+2 = −
1
2
ω2k+1 ∧ V. (49)
Treating dρ and dρ as maps from t1,0 to t0,1, their image spaces are transversal.
Therefore, given T ∈ t1,0 such that there exists X ∈ t1,0 with ιTdρ = −ιXdρ only if
ιTdρ = 0. It is possible only when T is the complex linear span of {T2, . . . , T2n+2}.
In this case, it simply means that [[T, ρ]] = 0, and hence adΛρ = 0. This example
illustrates the situation in Proposition 2 as well as the non-trivial conditions in
Theorem 5.
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It is also apparent that if we choose Λ = V ∧ T2k+1, then
adΛ(ρ) = V ∧ ιT2k+1dρ = −
1
2
V ∧ ω2k+2,
which is not ∂-exact. Therefore, the map φ in Theorem 4 fails to be surjective and
the holomorphic Poisson spectral sequence fails to degenerate on its first page.
In this example, if we vary T from {T2, . . . , T2n+2} to {T1, . . . , T2n+1} and define
Λ = V ∧ T , the dimension of the cohomology H•Λ jumps down.
Consider Λ = V ∧ T where T is in the linear span of {T2, . . . , T2n+2}. The map
φ is then an identity map. In particular,
H1Λ = H
0(g1,0)⊕H1(g0,0). (50)
From the structural equations (49),
H0(g1,0) = {V, T1, . . . , T2n+1}, H
1(g0,0) = g∗(0,1). (51)
Therefore,
dimH1Λ = dimH
0(g1,0) + dimH1(g0,0) = (n+ 2) + (2n+ 3) = 3n+ 5. (52)
A Further Observation. We can consider the virtual parameter space of gener-
alized complex deformations, utilizing the previous example. For the second hyper-
cohomology, we have the Hodge-like decomposition
H2Λ = H
0(g2,0)⊕H1(g1,0)⊕H2(g0,0). (53)
We could consider H0(g2,0) = H0(M,Θ2,0) as deformations of holomorphic Pois-
son structures by varying Λ in the space of holomorphic bivector fields without
changing the complex structure. Moreover, we could considerH1(g1,0) = H1(M,Θ1,0)
to be the virtual parameter space of classical deformation of complex structure. It
remains to examine the nature of H2(g0,0) = H2(M,O).
By Lemma 3
H2(g0,0) = g∗(0,2) = c∗(0,1) ⊗ t∗(0,1) ⊕ t∗0,2. (54)
Note that every element in t∗0,2 is not only ∂-closed but also d-closed. Therefore,
the deformations that they generate are B-field transformations of Λ as a generalized
27
complex structure. In terms of generalized complex geometry, they are equivalent
to the given holomorphic Poisson structure Λ = V ∧ T [11]. However, elements in
c∗(0,1) ⊗ t∗(0,1) are ∂-closed but not d-closed. For instance, consider Ω = ρ ∧ ω2h+1
where ω2h+1 is dual to T2h+1. As it satisfies both ∂ΛΩ = 0 and [[Ω,Ω]] = 0, it defines
an integrable generalized deformation of Λ [11]. The corresponding Lie algebroid
differential after deformation is given by
δ = ∂Λ + [[Ω,−]]. (55)
As both Λ = V ∧ T and ω2h+1 are in the center of Schouten algebra ⊕p,qB
p,q,
δ = ∂ − ω2h+1 ∧ [[ρ,−]]. (56)
Therefore, every element in g∗(0,1) is in the kernel of δ. Next we examine the action
of δ on g1,0. Apparently, δV = 0. For each k, according to (49)
δT2k+1 = ∂T2k+1 − ω
1 ∧ [[ρ, T2k+1]] = ω
2h+1 ∧ [[T2k+1, ρ]] =
1
2
ω2h+1 ∧ ω2k+2
δT2k+2 = ∂T2k+2 − ω
2h+1 ∧ [[ρ, T2k+2]] = ∂T2k+2 = −
1
2
ω2k+1 ∧ V.
In particular, on the first cohomology level
ker δ = c1,0 ⊕ g∗(0,1). (57)
In view of the result in (52), the first cohomology changes after deformation. The
class Ω = ρ ∧ ω2h+1 defines a non-trivial generalized complex deformation of Λ =
V ∧ T .
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